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Compact Group Approach to the Analysis of Dielectric and
Optical Characteristics of Finely Dispersed Systems and Liquids∗
M. Ya. Sushko
Department of Theoretical Physics, Mechnikov National University, 2 Dvoryanska St., Odesa 65026, Ukraine
We present the compact group approach to analysis of the long-wavelength dielectric and optical
characteristics of substances which can be modeled as macroscopically homogeneous and isotropic
systems of hard dielectric particles embedded into a dielectric matrix. After the basics of the method
are outlined, we discuss the results obtained with it for the effective permittivity of such systems
and the single-scattering intensity of light scattered by them.
I. INTRODUCTION
The dielectric and optical properties of particulate sub-
stances, such as dielectric composites, suspensions, and
liquids, are often studied in terms of the simplest and
widely-spread model which treats these substances as
macroscopically homogeneous and isotropic systems of
hard dielectric inclusions embedded into a host medium
of constant permittivity. A rigorous analysis of it with
methods of the multiple scattering theory requires that
an infinite set of the correlation functions of the sys-
tem be known. Because of the lack of this information,
practical implementations of the multiple scattering ap-
proach are usually limited to the first Born approxima-
tion or heavily rely on uncontrolled assumptions about
many-particle correlations and multiple scattering effects
within the system. In addition, direct attempts at go-
ing beyond the limits of the first Born approximation
inevitably face mounting computational difficulties, in-
cluding divergences in higher-order terms of the iterative
series (see, for instance, an extensive review [1] and re-
cent works [2, 3]). The discrepancy between the theory
and experiment can be as high as 30%.
In this report, we present a new method [4] for studying
the long-wavelength dielectric and optical characteristics
of macroscopically homogeneous and isotropic particu-
late systems, which is based upon the concept of macro-
scopic compact groups of particles. These groups are
defined as macroscopic regions that have typical scales
much smaller than the wavelength of probing radiation
in the host, but yet include sufficiently large numbers of
particles to reproduce the properties of the entire sys-
tem. In the particular case of liquids, compact groups
can be interpreted as small physical volumes, containing
macroscopic numbers of atoms (molecules).
In the long-wavelength limit, the fluctuations of par-
ticle numbers in compact groups are negligibly small.
On the other hand, compact groups can be treated with
respect to a long-wavelength field as one-point inhomo-
geneities. Correspondingly, a particulate system can be
viewed as a set of such groups, with the local value of
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the permittivity tensor in the system given by εik(r, t) =
ε0δik + δεik(r, t), where ε0 is the permittivity of the host
medium and the term δεik(r, t) is due to the presence of
a compact group of particles at point r at instant t. The
explicit form of δεik(r, t) is modeled in accordance with
the type of particles constituting the system.
The concept of compact groups allows us to avoid ex-
cessive refinement of short-range multiple scattering pro-
cesses and interparticle correlations inside the system.
Their averaged contributions can be effectively singled
out from all terms of the iterative series for the electric
field and displacement and then summed up. In this re-
port, we use the compact group approach to analyze the
dielectric and optical characteristics of a system of hard
inhomogeneous dielectric balls whose scalar permittivity
is given by a piecewise-continuous function ε = ε(r). The
necessary details of the approach are presented in section
2. The effective dielectric constant of the system is cal-
culated in section 3. The intensity of single scattering (in
a generalized sense) of light from the system is discussed
in section 4.
II. BASIC RELATIONS
Consider a macroscopically homogeneous and isotropic
system of hard (nonoverlapping) dielectric balls with ra-
dius R and scalar permittivity ε(r). Suggesting that the
contribution from a compact group is a scalar quantity,
we represent the local permittivity distribution in the
system as
ε(r, t) = ε0 + δε(r, t), (1)
δε(r, t) =
N∑
a=1
∆ε(r− ra(t))θ(R − |r− ra(t)|), (2)
where ∆ε(r) = ε(r) − ε0, θ(x) is the Heaviside function,
and the summation is carried out over the position vec-
tors ra = ra(t) of the centers of N balls, making up a
compact group.
For model (1)–(2) and relatively slow time variations
of δε(r, t), the equation describing the propagation of an
electromagnetic wave within such a system can be repre-
sented as [5, 6]
∆E+ k20ε0E− graddivE = −k20δεE, (3)
2where E(r, t) is the wave electric field and k0 = 2π/λ0 is
the wavevector in vacuum. Changing to the equivalent
integral equation and solving it by the iteration method,
we represent the formal solutions for the local electric
field and displacement in the form of infinite iterative
series.
The compact-group contributions in these iterative se-
ries are formed by those ranges of coordinate values where
the electromagnetic field propagators reveal a singular
behavior. For the electromagnetic field propagator act-
ing on a set of scalar, compactly supported, and bounded
functions δε(r, t), we derive the representation [7] (see
also [8] for the particular case k0 → 0)
T˜αβ(r) =
1
3k2
δ(r)δαβ e
ikr +
1
4πk2
(
1
r3
− ik
r2
)
(4)
× (δαβ − 3eαeβ) eikr − 1
4πr
(δαβ − eαeβ) eikr ,
where k = k0
√
ε0 is the wavevector in the host, δik is the
Kronecker delta, δ(r) is the Dirac delta function, and eα
is the α component of the unit vector e = r/r. Using
(4), the compact-group contributions can be singled out
from all terms in the iterative series by replacing all inner
propagators by their most singular parts (the first term in
(4)). We suggest that effects of multiple reemissions and
short-range correlations within compact groups predom-
inate in the formation of the long-wavelength dielectric
and optical characteristics of the system. For problems
dealing with the quasistatic effective permittivity, this
statement can be proven rigorously [4, 9].
III. QUASISTATIC EFFECTIVE
PERMITTIVITY
We define the quasistatic effective permittivity εeff of
a particulate system by the relation
〈D(r)〉 = 〈ǫ(r)E(r)〉 = εeff〈E(r)〉, (5)
whereD(r), E(r), and ǫ(r) are the local values of, respec-
tively, the electric displacement, electric field, and per-
mittivity in the system. The angle brackets in (5) stand
for the averages, which, depending on the problem to be
solved, can be calculated using either the formalism of
many-particle correlation functions [10] or the averaging
[5] over volumes much greater than the scales of compact
groups. For finely dispersed particulate systems, both
approaches are expected to give equal results.
Using the compact group approach, we prove [4, 9] that
in the long-wavelength limit k0
√
ε0 → 0, the averaged (in
either way) electric field and displacement are
〈E〉 =
[
1 +
∞∑
s=1
(
− 1
3ε0
)s
〈(δε(r))s〉
]
E0, (6)
〈D〉 = ε0
[
1− 2
∞∑
s=1
(
− 1
3ε0
)s
〈(δε(r))s〉
]
E0, (7)
where E0 is the amplitude of the incident wave field in
the host.
The statistical averages in (6) and (7) are found readily
if we take into account that for a macroscopically homo-
geneous and isotropic system, its one-particle correlation
function F1(r1) = 1 and its many-particle correlation
functions Fs(r1, ..., rs), s ≥ 2, depend only on the mutual
interparticle distances |ri − rj | (i, j = 1, 2, ..., s, i 6= j).
Moreover, for a system of hard (nonoverlapping, but in
general interacting) balls, every Fs, s ≥ 2, vanishes for
any particle configuration in which at least one of the
distances |ri − rj | is shorter than 2R. Together with (2),
these properties of Fs immediately give
〈(δε(r))s〉 = n
∫
Ω
dr (∆ε(r))s, s ≥ 1, (8)
where n = N/V is the particle concentration and the in-
tegral is taken over the region Ω occupied by one particle.
In view of (8), expressions (6) and (7) are easy to sum
up. With definition (5), the effective permittivity of the
system can be represented in the form
εeff = ε0
1 + 8pi3 nα
1− 4pi3 nα
, (9)
where
α =
3
4π
∫
Ω
dr
ε(r)− ε0
ε(r) + 2ε0
. (10)
Expression (9) coincides with the well-known Lorentz–
Lorenz formula [11, 12], provided the quantity α is in-
terpreted as the one-particle polarizability of balls in the
system. Obviously, this result counts in favor of the com-
pact group approach. It should also be emphasized that,
in contrast to the standard case of homogeneous parti-
cles, we derived it for a system of inhomogeneous (say,
layered) dielectric balls. In doing so, no restriction on
the value of the difference ∆ε(r) was imposed. In the
case of homogeneous balls, formulas (9) and (10) imme-
diately result in the well-known Maxwell-Garnett mixing
rule (see, for instance, [13]). That property of particles
that they are hard is evidently behind the appearance of
this rule. This our conclusion is different from that in
[2].
The same results are obtained [4] if the averages in
(5)–(7) are calculated using the averaging procedure [5],
that is, integration over volumes much greater than the
scales of compact groups. In this way, generalizations
of formulas (9), (10), and the Maxwell-Garnett mixing
rule are obtained in [9, 14] for multicomponent systems
of hard anisotropic inhomogeneous dielectric particles.
3IV. SINGLE-SCATTERING LIGHT INTENSITY
A. Light Scattering from Liquids
The traditional approach [15] to finding the intensity
of light scattered by fluids far enough from the critical
point is limited to the first Born approximation in the
multiple scattering theory. This implies that the scat-
tering intensity is formed by the effects involving only
pairs of scattering particles. Correspondingly, there is no
fundamental difference between the ways in which dense
liquids and rarefied gases are treated, despite the fact
that mutual polarization effects of neighboring particles
on one another are obviously more significant in liquids.
Let us show that the compact group approach makes it
possible to fix this defect of the theory.
Physically, the scattering by a pair of compact groups
of particles (that is, by a pair of small physical volumes)
should be treated as single. The general expression for
the overall single-scattering spectrum due to scattering
from all such pairs can be represented as (see [6])
I(q, ω) =
∞∑
r, s=1
Irs(q, ω), (11)
where
Irs(q, ω) ∝
(
− 1
3ε0
)r+s−2
1
π
(12)
×Re
∞∫
0
dt
∫
V
dr〈(δε(r, t))r(δε(0, 0))s〉eiωt−iq·r
is the contribution from r and s acts of scattering in-
side a pair of compact groups; q and ω are the changes
in the light wavevector and frequency due to scatter-
ing, respectively. The proportionality factor in (12) is
I0V k
4
0sin
2γ/16π2R20, where I0 is the incident wave in-
tensity, V is the scattering volume, and γ is the angle
between the polarization vector of the incident wave and
the direction at the observation point at a distance R0
away.
Using formulas (1), (2), (11), and (12), and taking into
account the macroscopic homogeneity and isotropy of the
system, the summation in (11) can be carried out to give
I(q, ω) = I0V
k40sin
2γ
2πR20
ε20|α(q)|2nG(q, ω), (13)
where G(q, ω) is the frequency Fourier transform of the
Van-Hove function
G(q, t) =
1
N
〈
N∑
a=1
e−iq·ra(t)
N∑
b=1
eiq·rb(0)〉 (14)
for the particles within a compact group, and
α(q) =
3
4π
∫
Ω
dr
ε(r)− ε0
ε(r) + 2ε0
e−iq·r. (15)
The integrated intensity of light scattered at nonzero
scattering angles θ (q 6= 0) is
I(q) = I0V
k40sin
2γ
R20
ε20|α(q)|2nS(q), (16)
where S(q) is the static structure factor of the liquid.
For macroscopic compact groups of particles interact-
ing by means of short-range potentials, the function (14)
is evidently equal to the Van-Hove function for the en-
tire liquid. Also, in the limit q → 0, the quantity (15)
becomes equal to the effective polarizability (10) of a par-
ticle in the liquid (at the frequency of the incident wave).
It follows that multiple short-range reemissions between
the particles within compact groups result in the renor-
malization of the effective polarizability of the particles
in the liquid, but do not affect the spectral and angular
distributions of the scattered light intensity as compared
to the well-known result [15], obtained within the first
Born approximation.
The applications of formulas (11) and (12), with differ-
ent interpretation of the concept of compact groups, to
the problem of so-called 1.5-scattering of light by fluids
near the critical point can be found in [6, 7].
B. Light Scattering from Suspensions
It is evident that reasoning of subsection 4.1 also ap-
plies to finely dispersed suspensions. To put our result to
the test, we contrast it with the analytical result [16] for
a suspension of homogeneous hard balls. The authors of
[16] used a different way to find the integrated intensity
I(q). Namely, exploiting the exact solution [17, 18] of
the Percus–Yevick integral equation for the radial distri-
bution function for hard balls, they calculated rigorously
the pair correlation function for fluctuations of the static
local permittivity given by (1) and (2) (t = 0); then they
found I(q) in the first Born approximation.
For homogeneous hard balls of radius R and the
Percus–Yevick radial distribution function [17, 18], we
have
α(q) = 3
ε− ε0
ε+ 2ε0
R
q2
(
sinqR
qR
− cosqR
)
, (17)
S(q) =
1
1− nc(q) , (18)
where c(q) is the Fourier transform of the direct corre-
lation function. Substituting these formulas into (16),
we find that our expression for I(q) is almost the same
as that in [16]. The only difference is the factor K ≡
9ε20/(ε + 2ε0)
2, which appears in our formula. In par-
ticular, K < 1 if ε > ε0. We conclude that multiple
short-range reemissions between particles in such a con-
centrated suspension effectively reduce the inhomogene-
ity effects induced by single particles; as a result, the
4scattering mean free path l and the transport mean free
path l∗ increase.
As a further check, we calculated l and l∗ by the for-
mulas
1
l
=
k40ε
2
0
2
∫
dΩ
(
1 + cos2θ
) |α(q)|2nS(q), l∗ = l
1− g ,
(19)
where the scattering anisotropy parameter g is the aver-
age of cosθ,
g = cosθ =
∫
dΩ
(
1 + cos2θ
)
cosθ|α(q)|2nS(q)∫
dΩ (1 + cos2θ) |α(q)|2nS(q) , (20)
the integrals are taken over the entire solid angle, S(q)
is given by (18) with (d = 2R)
c(q) =
4πd
q2
[
(α + β + δ)
(
cosqd− sinqd
qd
)
−β
(
sinqd
qd
+ 2
cosqd− 1
q2d2
)
−δ
(
3
sinqd
qd
+ 12
cosqd
q2d2
−24sinqd
q3d3
− 24cosqd− 1
q4d4
)]
,
(21)
α =
(2η + 1)2
(1 − η)4 , β = −
6η(η/2 + 1)2
(1− η)4 , δ =
αη
2
, (22)
and η = 4πR3n/3 is the volume concentration of dis-
persed particles.
η N l, µm N l∗, µm
Exp. Eq. (19) Exp. Eq. (19)
0.026 6.1 570 497
0.037 6.2 227 227 8.8 396 367
0.053 12.6 283 281
0.054 9.0 180 172
0.076 12.8 140 139 18.0 225 224
0.11 18.6 125 121 26.2 214 191
TABLE I. Scattering mean free path l and transport mean free
path l∗ for aqueous suspensions of latex particles according
to experimental data [19] and present theory.
The results are presented in Table I and compared with
experimental data [19] for aqueous suspensions of latex
particles (
√
ε0 = 1.33,
√
ε = 1.59, d = 0.087µm); the
paths l and l∗ were measured in [19] using light with λ0 =
0.5145µm and 0.5785µm, respectively. The average num-
bers of particles per cubic wavelength, N = nλ3, where
λ is the wavelength in water, are also shown. As can be
seen, the data [19] and our results are in a surprisingly
good agreement.
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